J Evol Econ (2008) 18:615–638
DOI 10.1007/s00191-008-0111-y
REGULAR ARTICLE

Cournot competition and endogenous firm size
Francesco Saraceno · Jason Barr

Published online: 18 July 2008
© Springer-Verlag 2008

Abstract The paper studies the dynamics of firm size in a repeated Cournot
game with unknown demand function. We model the firm as a type of artificial
neural network. Each period it must learn to map environmental signals to
both a demand parameter and its rival’s output choice. However, this learning
game is in the background, as we focus on the endogenous adjustment of
network size. We investigate the long-run evolution of firm/network size as
a function of profits, rival’s size, and the type of adjustment rules used.
Keywords Firm size · Adjustment dynamics · Artificial neural networks ·
Cournot games
JEL Classification C63 · D21 · D83 · L13

Earlier versions of this paper were presented at the 10th International Conference on
Computing in Economics and Finance, July 8–10, 2004, University of Amsterdam; the
International Workshop on Agent-Based Models for Economic Policy Design, Bielefeld,
June 30–July 2, 2005; A Symposium on Agent-based Computational Methods in Finance,
Game Theory, Lille, September 15–16, 2005. We thank the various session participants for
their comments. The authors would also like to acknowledge that partial funding for the use
of Compustat was obtained from the David K. Whitcomb Center for Research in Financial
Services at Rutgers University.
F. Saraceno (B)
Observatoire Français des Conjonctures Économiques,
69 Quai d’Orsay, 75007 Paris, France
e-mail: francesco.saraceno@sciences-po.fr
J. Barr
Rutgers University,
Newark, NJ, USA
e-mail: jmbarr@rutgers.edu

616

F. Saraceno, J. Barr

1 Introduction
The dynamics of firm size is an important part of industrial organization.
Though there exits a relatively large literature on understanding and modeling
the statistical properties of firm growth, there has been little work done on
investigating the effect of firms’ internal organization on growth.1 In this paper,
we study firm behavior within an agent-based framework to investigate the
roles that both firm structure and competition play in firm size dynamics.
We model the firm’s internal organization as a type of artificial neural
network (ANN). ANNs have many features that make them suitable for
simple models of the firm as an information processor (Barr and Saraceno
2002). Here, we have two firms-as-ANNs competing at different levels. At
the first level, the networks play a Cournot game, and learn to improve their
performance over time by comparing a forecasted best response with the
correct best response. The second level of competition is based on firm size, i.e.,
on the amount of resources that the firm employs in the activity of information
processing. Size in this paper is measured by the number of nodes (or agents)
in the network; firms try to improve long run profitability by changing their
size.
The two forms of competition (Cournot and firm size) are both important
components of the model, but in this paper we focus mostly on the dynamics
of firm size, while the Cournot game is in the background. Barr and Saraceno
(2005, 2008) explored in detail models of Cournot competition between two
networks. These models focused on the role that information processing plays
in Cournot games. We showed that network size, which was left exogenous,
is an important factor in determining learning performance in an uncertain
environment.
Here we reverse the perspective, and we take as given both the learning process and the dependence of firm profit on size and environmental
complexity, and we endogenize firm size; in other words, we look at the
endogenous determination of the resources (i.e., the number of nodes) devoted
to learning. The computational power needed to discover the optimal network
size (defined as the result of a best response dynamics) can be quite expensive.
Thus, this paper adopts the point of view that firms act in a boundedly rational
way. Our interest in doing so is to explore to what extent simple rules help
us understand firm behavior, given that agents are inherently limited in their
capabilities. We also seek to explore the degree to which myopic rules mimic
the outcomes of rational choice models. Our main scope is to investigate the
role of interaction with rivals in determining firm growth.
Even though firms are multi-agent systems, there are still limits to their
organizational capabilities and sizes. They must deal with different types of un1 Several

authors investigate whether Gibrat’s Law of Proportionate effect holds for firms (see
Evans 1987; Sutton 1997). Others study the stochastic processes yielding skewed distributions of
firm sizes (Ijiri and Simon 1977). Finally there are papers within a stochastic dynamic programming/game theoretic approach (Ericson and Pakes 1995; Jovanovic 1982).
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certainty that can not all be properly internalized or neutralized. Furthermore,
firms are burdened with the task of coordinating and integrating the different
flows of information that emerge from the external environment and also from
within the firm itself.2 In addition, in a complex world, the acquisition of useful
information is costly, even for corporate behemoths such as General Motors
or Boeing.
In this regard our work fits within the relatively new literature on agentbased models of organizations (see Chang and Harrington 2006, for a review).
Organizations are modeled as a collection or network of agents that process
incoming data. Information processing (IP) networks and organizations arise
because in modern economies no one agent can process all the data. The
growth of the modern corporation has created the need for workers who are
managers and information processors (Chandler 1977; Radner 1993). Typical
models are concerned with the relationship between the structure of the
network and its corresponding performance (DeCanio and Watkins 1998;
Radner 1993).
In our paper the network uses signals from the economic environment to
forecast both demand and a rival’s output decision. The firm is able to learn
over time as it repeatedly gains experience in observing and making decisions
about environmental signals. Unlike other information processing models, our
duopoly model explicitly includes strategic interaction: one firm’s ability to
learn the environment affects the other firm’s pay-offs. Thus a firm must locate
an optimal network size not only to maximize performance from learning the
environment but also to respond to its rival’s actions.
A second area of literature that relates to our work is evolutionary and
firm decision making theory (Cyert and March 1963; Nelson and Winter 1982;
Simon 1976). In this literature, the firm is also boundedly rational, but the focus
is not on information processing per se. Rather, the firm is engaged in a myriad
of activities from production to sales and marketing, R&D, business strategy,
etc., which contribute to form a set of capabilities difficult for other firms to
replicate. Patterns of behavior (“routines”) emerge from the combination of
learning by doing, imitation, and R&D (Nelson and Winter 1982). In a world
where discovering optimal solutions is computationally expensive, firms will
seek relatively easy rules of behavior that produce satisfactory responses at
relatively low cost (Simon 1956). In this vein, firms in our paper employ simple
rules when adjusting size.
We explore two types of boundedly rational rules in regard to firm size
dynamics. The first rule (which we call “isolationist”) has the firm adjusting
its size simply based on its last period profit growth: a firm adds (removes)
information processing agents if profits are growing (shrinking). The isolationist rule is analogous to the common myopic supply adjustment model, where
agents adjust their supply based on last period’s price (Nerlove 1958).

2 Cyert

and March (1963) and Nelson and Winter (1982) discuss how competing agendas of agents
within the firm constrain the decisions that can be made.
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The second rule (“the imitationist”) has the firm adjusting size by comparison with its rival’s profits and size. If the rival has larger profits, the firm will
try to match its size, i.e., increase (decrease) the number of nodes if the rival is
larger (smaller). Firm imitation is a quite common phenomena. For example,
in the last twenty-five years, there are has been a tremendous surge in the
use of management consultants. This allows firms to bring in agents who have
knowledge about other firm’s activities and “best practices” (Ernst and Kieser
1999). Furthermore, Mirvis (1997) shows how firms look to their rivals for
information about their human resource practices. In his study, 89% of firms
surveyed adopted human resource policies based on information collected
from other firms: 39% of firms adopted new policies immediately following the
“innovation leaders,” 39% of firms adopted new practices after a consensus
developed in their respective industries, and 11% adopted new policies and
practices only after they proved effective in other companies. In addition,
the widespread imitation of technology and business strategies has been well
documented in the literature (e.g., Mansfield 1961; Nelson and Winter 1982;
Rivkin 2000; Utterback 1994).
Lastly we investigate size dynamics when the firms use a combined rule—
using both their own profit and rival’s size and profit to guide their decisions. We explore how firms interact in their respective dynamics, and how
the adjustment rate parameters affect long run firm size. We also study
the conditions under which the adjustment rules will produce the Cournot–
Nash outcome.
To our knowledge, no other paper has developed the concept of long run
firm growth in an adaptive or agent-based setting.3 To anticipate some of our
findings: (a) In both the isolationist and the imitationist cases, size dynamics is
a nonlinear function of both environmental complexity, initial own and rival’s
size, and the adjustment rate parameter. (b) Via a simulation experiment, we
give a quantitative measure of the relative effects of initial conditions and
parameters on long run size dynamics. Our main conclusion in this case is that
interaction between these variables plays a crucial role. (c) We show that the
adaptive rules rarely converge to the Nash size. The sensitivity to the firm’s
own profits seems to play an important role in moving the firm away from the
best response behavior. (d) Lastly, we build a data set of duopolist firms in the
U.S. and we use it to provide empirical support for our model.
The next section explains the choice of neural networks as models of the
firm. Then, in Section 3 we set up the Cournot model. Section 4 discusses the
relationship between profits and firm size, and characterizes the benchmark
case of network size equilibria. Sections 5 to 7 discuss the heart of the paper—
the firm size adjustment algorithms and the results of the simulations. Section 8
provides an empirical test of our model. Section 9 concludes. An appendix
provides additional information about the models.

3 There are other agent-based models of firm growth, such as Axtell (2002), but they do not explore

the adaptive dynamics of agent networks.

Cournot competition and endogenous firm size

619

2 Neural networks as models of the firm
In previous work (Barr and Saraceno 2002, 2005) we argued that information
processing is an important feature of modern corporations, and that efficiency
in performing this task may be crucial for success or failure. We further
argued that when focusing on this aspect of firm behavior, computational
learning theory may give useful insights and modelling techniques. From this
perspective, it is useful to view the firm as a learning algorithm, consisting of
agents that follow a series of rules and procedures.
Firms learn, and improve their performance by repeating their actions and
recognizing patterns (i.e., learning by doing). By processing information, firms
learn about the environment and become proficient at recognizing new and
related patterns. Furthermore, they face a trade-off linked to the complexity
of their organization. Small firms are likely to attain a rather imprecise
understanding of the environment they face; but on the other hand they can
react quickly and are able to design decent strategies with small amounts
of information. Larger and more complex firms produce more sophisticated
analyses, but they need time and experience to implement their strategies.
Thus, the “optimal” (e.g., profit maximizing) firm structure must be determined in relation to the complexity of the environment, and it is likely to
change with it.
Management scholars (such as Chandler 1977; Cyert and March 1963;
Lawrence and Lorsch 1986) have described these features of firm behavior
in a number of studies. Lawrence and Lorsch (1986), for example, discuss how
different types of firms organize themselves differently, based on the nature of
the environment and the technology. For example, frozen food manufacturers
will have different organizational structures than plastics manufacturers. Even
within industries, firm performance can vary. Lawrence and Lorsch found
that though plastics manufacturers had similar organizational structures, firm
“fitness” was affected by how each firm had adapted to its environment.
Rivkin and Siggelkow (2003), demonstrate with an N K landscape model how
firm performance is determined by the relationship of the firm’s internal
organization with its environment.
In our previous work we focused on how the number of information processing agents can affect learning performance; in particular, via simulations we
showed that the trade-off between speed and accuracy generates a humpshaped profit curve with firm size (Barr and Saraceno 2002). We also found
that optimal firm size is positively related to environmental complexity. These
results reappeared when we applied the model to Cournot competition (Barr
and Saraceno 2005).
Barr and Saraceno (2002) highlights several parallels between firm learning
and machine learning in computational learning theory. Learning machines
can generalize from experience to unseen problems, and recognize patterns.
Furthermore, they generally face a trade-off between the rapidity of information processing and the accuracy, like the one we described about firms.
Finally, a particular type of learning machine, the artificial neural network
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(ANN), has an additional interesting feature—parallel and decentralized
processing. ANNs are composed of multiple units processing relatively simple
tasks in parallel. The combined result of this multiplicity is the ability to process
very complex tasks. In the same way firms are often composed of different
units working autonomously on very specific tasks, and are coordinated by
management that merges the results of these simple operations, creating a total
value larger than the sum of the single tasks involved.

3 The Cournot game
Here we discuss the Cournot game that the firms play, taken from Barr and
Saraceno (2005, 2008). Two firms face a downward sloping, linear demand,
pt = γt − (q1t + q2t ) , where γt changes over time and is ex ante unknown. We
assume that production costs are zero and the slope is fixed and normalized to
one. γt is a function of a set of commonly observable environmental variables
x ∈ {0, 1}n :

1
xkt 2n−k .
n
(2 − 1)
n

γt = γ (xt ) =

(1)

k=1

γ (xt ) can be interpreted as a weighted sum of the presence or absence of
environmental features. A simple measure of environmental complexity is n,
the number of bits in the vector x.4 Assuming that γt were known, we would
have the following best response function:
qibr =


1
γ − q−i ,
2

i = 1, 2,

(for notational convenience time subscripts are used only when needed). The
symmetric Nash equilibrium output and corresponding profit would then be
γ
γ2
.
qne = , π ne =
3
9
Because costs in this case are zero, the quantity produced and profits are
the same for both firms. Note that in standard models of Cournot competition, equilibrium output is sometimes interpreted as firm size, which is
generally a function of production costs. To avoid confusion it is worth
repeating that in our setting firm size is instead related to the learning and information processing activity. Firms of different (network) sizes
can thus produce the same quantity, if their estimate of the uncertain
environment coincides.

4 Notice that n encompasses two measures of environmental complexity. First, more bits in the
vector means more information to process, each period. Secondly, n also determines (inversely)
the probability that a particular vector will be selected, i.e., the total amount of information to
process, over time.
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In particular, uncertainty in this model is related to Eq. 1. Firms only know
that γt depends on xt , but they have to learn the mapping between the two.
Each period, they view an environmental vector xt , which is determined by
random draws from a uniform distribution (i.e., Pr (xt = x) = 1/2n ), and they
use this information to estimate the value of γ (xt ) .
As mentioned above, we model firms as artificial neural networks (ANNs),
which are nonlinear approximators that can map virtually any function. Their
flexibility makes them powerful tools for pattern recognition, classification,
and forecasting. In particular, we use the most popular network architecture,
the backward propagation network (BPN). Here we give a brief description of
how they work, with more analytic details given in Appendix A.
The network consists of an “input layer” (in our case the environmental
vector xt ), and a collection of nodes organized in “hidden layers,” representing
the managers that process information in the organization. The last layer is
the output/decision layer. Inputs and nodes are connected by weights, that
store the knowledge of the network. The inputs are passed through the neural
network to determine an output. Each agent in a given layer takes a weighted
sum of the signals from agents in the layer below, and then applies a squashing
function g (·) (e.g., the sigmoid), to allow for nonlinear transformations; the
agent then passes the processed information to the layer above. We use a single
hidden layer network so that the information processing activity of the firm can
be represented by:
 
 
ŷ = g g x · wh wo ,


where ŷ ≡ γ̂ i , q̂i−i , wh and wo are the weight matrices. Notice that the
squashing function g (·) is applied twice (i.e., first from the inputs to the hidden
layer, and then from the hidden layer to the output layer). Figure 1 presents
the graph of an ANN.
The network learns via successive adjustments of the weights, with the
objective of minimizing a (squared) error. Supervised learning takes place
in the sense that at each iteration the network output is compared with a
known correct answer, and weights are adjusted backward in the direction
that reduces the error (the gradient descent method). The learning process
is stopped once it attains a threshold level for the error, or a fixed number of
iterations has elapsed. Thus, in each period:
1. Firms observe a randomly drawn environmental state vector xt .
2. Based on that, each firm estimates a value of the intercept parameter,
γ̂ i (xt ) and its rival’s choice of output, q̂i−i (xt ), where q̂i−i is firm i  s guess
of firm −i  s output.5 Firmsthen make
 an output choice based on the best
response function: qibr = 12 γ̂ i − q̂i−i .

5 The

firm uses environmental information to guess the rival’s output choice. Since we assume that
both firms are learning to play a best response, this is equivalent to “learning the learning process”
of the rival.
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Fig. 1 Graph of an artificial
neural network
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3. Firms then observe the true value of γ and q−i , and compute their
forecast errors:

2
εγ i = γ̂ i − γ
2

εqi = q̂i−i − q−i
(2)
4. Based on these errors, firms update the weight values in its network. The
details of the learning algorithm are given in Appendix A.
These steps are repeated for T = 250 iterations. At the end, we compute the
average profit for the two firms as
πi =

T
T


1 
1  
br
.
πit =
qit γt − qbr
1t + q2t
T t=1
T t=1

(3)

Average profit is a good measure of firm performance since it captures how
well the firm does in repeated plays of the Cournot game. As discussed above,
large networks are slow to learn, but can achieve a better accuracy over time;
smaller networks are much quicker in their learning, but in the long run they
are not as accurate. Average profit allows us to determine which types of firms
best balance the trade-off between speed and accuracy.
Note that our setting is different from Cournot models such as Novshek
and Sonnenschein (1982) and Kirby (1988), where Cournot duopolists must
determine how much information about a stochastic demand should be shared,
versus how much should be kept private. Here, both firms view a common
set of environmental signals, which they use to help determine their quantity
decisions. As such, there is no concern about equilibrium levels of information
sharing. Rather, the only equilibrium notion embedded here is that each
firm seeks to play a best response given its forecasts of the intercept and
of the rival’s output; and therefore, both firms are moving toward the Nash
output equilibrium.
Profits can be shown to depend on the errors of both firms, and on the model
fundamentals. If the two firms exactly forecasted the correct intercept and the
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rival’s outputs, we would obtain the Cournot quantity and profit (qne = γ /3,
π ne = γ 2 /9). We can calculate the “loss” or deviation of actual from optimal
profits, caused by imprecise forecasts, as
Li = π ne − πi = pne qne − pqi , i = 1, 2.

(4)

With
some
we obtain Li = p q − pqi + ( p qi − p qi ) =

 manipulation
γ
γ γ
−
q
−
p
,
where
qi is the best response given the forecasted
+
q
i
i
3 3
3
values of γ and q−i :
ne ne


1 i
γ̂ − q̂−i .
2
From the definitions of errors (Eq. 2) we obtain
√
√
γ̂ i = εγ i + γ ,
q̂−i = εq−i + q−i .
qi = qibr =

ne

ne

(5)

(6)

Putting together Eqs. 5 and 6, we have:
qi =

1
(ψi + γ − q−i ) ,
2

√
√
where ψi ≡ ( εγ i − εqi ). We plug q−i =
arrange, and solve for qi

1
2

(7)

(ψ−i + γ − qi ) into Eq. 7, re-

1
(8)
(γ + 2ψi − ψ−i ) .
3
Notice that if all errors are zero, then qi = γ /3 = qne . We can plug qi and q−i
into the price function to obtain:
qi =

1
(9)
(γ + ψ1 + ψ2 ) .
3
Plugging the price and quantities
respectively)
into the loss
 2 (Eqs. 8 and 9,

function (4) we obtain Li = 19 ψ−i
− ψi ψ−i − 2ψi2 − 3γ ψi . Therefore, profit
can be written as the deviation from optimal profit:
p=


1 2
ψ − ψi ψ−i − 2ψi2 − 3γ ψi .
9 −i
Notice that loss tends to 0 as the errors tend to 0, but also that it needs not to
be positive. The forecast errors may result in a profit larger than the CournotNash level for one (but not both) firms. Think for instance of the case in which
the combined production is equal to the Cournot level, but firm i produces
more than the other. Firm i will then have a profit larger than the equilibrium
one (as p = pne , and qi > qne ).
πi = π ne − Li = pne qne −

4 Firm learning and profits
Barr and Saraceno (2005) show that, in general, firms-as-neural networks are
capable of learning how to map environmental factors to demand and to rival’s
output; over time this allows them to converge to the Nash equilibrium. We
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further show that the main determinants of firm profitability are firm sizes (i.e.,
the number of processing units, m1 and m2 ), and environmental complexity,
(i.e., the number of inputs to the network, n). These facts may be succinctly
captured by a polynomial in the three variables:
πi = f (m1 , m2 , n)

i = 1, 2.

(10)

To obtain a specific numerical form for Eq. 10, we simulated the Cournot
learning process with different randomly drawn firm sizes (m1 , m2 ∈ [2, 20])
and complexity values (n ∈ [5, 45]), recording each time the average profit of
the two firms. Doing this, we obtained an artificial data set, relating average
profit to firm sizes and complexity. With this data set we ran a regression whose
results are reported in the appendix (Table 5). The regression coefficients are
then used to produce a profit equation:
π1 = 271 + 5.93m1 − 0.38m21 + 0.007m31 + 0.49m2
−0.3m1 m2 − 2.2n + 0.0033n2 + 0.007m1 m2 n − 0.016m2 n.

(11)

Notice that the setup is symmetric, so that either firm could be used. Figure 2
shows the profit equation (11) with respect to m1 , holding the other variables
fixed. It shows that profits are hump shaped with respect to own size. Three
curves are reported, corresponding to small (m2 = 2), medium (m2 = 10) and
large (m2 = 20) opponent’s size (complexity is fixed at n = 10).
It is interesting to notice that the trade-off between speed and accuracy
appears regardless of the opponent’s size, giving a humped-shape relationship
between profit and own size. It is in fact an inherent feature of the learning
process studied in the field of computational learning theory (Niyogi 1998). It
is also worth mentioning that profit is decreasing with the opponent’s size (the
curve shifts down as m2 increases).

Fig. 2 Firm 1 profit function
vs. own size m1 (m2 = 2, solid
line; m2 = 10, crosses;
m2 = 20, diamonds). n = 10
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4.1 The best response function and network size equilibrium
In this section, as a benchmark, we discuss the firm’s best response function
and equilibria with respect to firm size. Broadly speaking, we can think of
the Cournot game as happening on a short term basis, while the adjustment
dynamics occurs over longer periods of time. We can derive the best response
function in size by setting the derivative of profit with respect to size equal to
zero, i.e.,
∂πi
∂ f (mi , m−i , n)
=
=0
∂mi
∂mi

i = 1, 2.

Given the functional form of Eq. 11, this yields the following solution for
firm i:6
mibr (m−i , n) = 16.9 ± 2.26 2.6m−i − 0.058nm−i + 3.9.
The “best response” function is polynomial in mi . Depending on the particular values of m−i and n, we can have up to two real solutions, or two complex
solutions. For values of m−i and n in the admissible range (mi , m−i ∈ [2, 20],
n ∈ [5, 45]), the best response is real and decreasing in m−i .7
We define the network size equilibrium (NSE) as the intersection of the two
firms’ best responses. Figure 3 shows the best response mappings for Eq. 11,
and the corresponding Nash equilibria in size, along the 45 degree line. Notice
that these equilibria are stable, and that increasing complexity shifts upwards
the best response functions, and consequently the Nash equilibrium size.
We can express optimal firm size, mi∗ , and the corresponding profit πi∗ , as
functions of environmental complexity. Taking the best responses, and imposing mi∗ = m∗ by symmetry, we obtain the following increasing relationship:
m∗ = 23.5 − 0.15n − 4.5 14.1 − 0.34n + 0.001n2

(12)

Finally, substituting the optimal value given by Eq. 12 into the profit
equation 11, we obtain a decreasing relationship. m∗ (n) and π ∗ (n) are plotted
in Fig. 4.8 The shape of these curves is rather intuitive. As n increases, ceteris
paribus, the learning process becomes less accurate; firm errors increase and
therefore profits, which are a negative function of the errors, decrease (see
Barr and Saraceno 2005). The optimal size increases as well, as the optimal
balance between speed and accuracy, in more complex environments, requires
more computational power. To sum up, we have shown that best response
dynamics yield a unique and stable equilibrium in firm size. This is increasing
in complexity, while profit is decreasing.

6 For

simplicity we ignore the integer issue and assume that firm size can take on any real value in
the [2, 20] interval.
7 For each value of m and n we have two positive and real roots for m . However, we discard the
−i
i
larger one since it is outside the admissible range.
8 As was the case before, we actually have two solutions for firm size. Nevertheless, one root gives
values that are outside the relevant range for m∗ , and can be discarded.
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Fig. 3 Best response
functions (n = 10, diamonds;
n = 25, crosses; n = 40, solid
lines). The NSE are given by
the intersections
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5 Adaptive adjustment dynamics
In standard economic theory, firms are generally assumed to understand
many details about how the world functions. They know their cost and profit
functions, and the effect of a rival’s decisions or environmental variables on
profits. The best response function in Section 4.1 is quite complex, and firms
are assumed to know the expected maximal profit obtainable for the entire
range of a rival’s choice of network size.

Fig. 4 Equilibrium profit
(solid line, left axis) and
equilibrium size (crosses,
right axis) as functions of
environmental complexity
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But, in a complex world, the cost to discover such knowledge is relatively
large. As a result, firms engage in routine behavior, and use rules of thumb
to guide their action (Nelson and Winter 1982). In addition, in a world in
which production and market conditions constantly change, past information
may quickly become irrelevant: even if a firm has perfect knowledge of its
best response function at a certain point in time, that knowledge may soon
become outdated. That means that even when the firm has the computational
capabilities necessary to compute the best response, it may not find it efficient
to actually do so. For these reasons, in this section, we explore simple dynamics
for firm size. We assume that firms observe their and their rival’s profits and
sizes, and we explore adjustment dynamics using the following rule:




mi,t = mi,t−1 + β πi,t−1 − πi,t−2 + α Ii (m−i,t−1 − mi,t−1 )(π−i,t−1 − πi,t−1 ) .
(13)
β ≥ 0 represents the sensitivity of firm size to its own
 If a firm
 profit growth.
has positive profit growth it will increase its size by β πi,t−1 − πi,t−2 units. The
parameter α ≥ 0 captures the “imitation” factor behind size adjustment; Ii is
an indicator function taking the value of 1 if the opponent’s profit is larger, and
a value of 0 otherwise:
Ii =

1 if (π−i,t−1 − πi,t−1 ) > 0
0 if (π−i,t−1 − πi,t−1 ) ≤ 0.

Thus, the firm will adjust towards the opponent’s size, whenever it observes a
better performance of the latter (Ii = 1). To sum up, our adjustment rule only
uses basic routines: first, the firm expands if it sees its profit increasing; second
it adjusts towards the opponent’s size whenever it sees that the latter is doing
better. These routines are relatively simple, and require very little observation
and computation on the part of the firm. In the next section we investigate the
firm dynamics yielded by the simple adjustment rules.

6 Results
6.1 Scenario 1: the isolationist firm
If α = 0, each firm will only look at its own past performance when deciding
whether to add or to remove nodes:


mi,t = mi,t−1 + β πi,t−1 (mi,t−1 , m−i,t−1 , n) − πi,t−2 (mi,t−2 , m−i,t−2 , n) . (14)
Of course this does not mean that the firm’s own dynamics is independent of
the other, since πi,t−1 and πi,t−2 depend on both firms’ sizes. Figures 5 and 6
show the adjustment dynamics of two isolationist firms. In the first case we
show the evolution for different complexity levels (keeping the adjustment rate
parameter fixed at β = 0.025). In the second case, we keep complexity constant
(n = 20) and we study dynamics corresponding to different values of β.
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Fig. 5 Firm dynamics when
firms start at different sizes
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three different levels of
complexity. β = 0.025
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The dynamics are in both cases relatively simple. First, the long-run level,
in general, is reached fairly quickly. Second, this level depends on initial own
size. For example, in Fig. 5, a firm starting at 10 nodes will converge at a value
around 16-17 nodes, while a firm starting at 2 will converge to 6-7. Complexity
seems to have a role, as it yields lower long run sizes. As for the effects of the
adjustment parameter β, we see that too large values may trigger oscillatory
dynamics: too large values of size yields profit fluctuations, that in turn feed
back with a lag in size changes. The effect of the opponent’s initial size is
impossible to assess from the figures. Since these single time series are just
examples, in Section 6.3 below we generate a large sample of observations
from time series simulations, and show regression results for the dynamics of
Eq. 13.9
6.2 Scenario 2: the imitationist firm
The imitationist firm does not care about its own situation (β = 0), but
compares its performance to the opponent:


(15)
mi,t = mi,t−1 + α Ii (m−i,t−1 − mi,t−1 )(π−i,t−1 − πi,t−1 ) .
The firm will not change size if it has a larger profit, and it will adjust towards
the opponent if it has a smaller profit.10 Thus, at each period only one firm
moves; further, at equilibrium the two profits must be equal, which happens
when firm sizes are equal, but not necessarily only in this situation. For low
complexity (n = 5), suppose one firm begins small and the other large (m1 = 4
and m2 = 15). The resulting dynamics depend on α, as shown in Fig. 7. For low
values of α, in fact, the drive to imitation is not important enough, and firms do
9 Note

that when we choose “extreme” parameters we may get dynamics with firm sizes greater
than 20, outside the admissible sample range. For this reason we cap firm size at 20. This can be
justified by the fact that at any given time, technology, competition, and human capability will put
limits on how big even the largest firm can get. A shorter, companion paper, Barr and Saraceno
(2006) shows simulation for some of the cases without caps. The qualitative results do not change.
10 In the special case that both firms have the same initial size there will, of course, be no
adjustment.
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not converge. For intermediate values (around α = 0.125) convergence takes
place to an intermediate size. When α is too large, on the other hand, the
initial movement (in this case for firm 1) is excessive, and may overshoot. By
increasing complexity we see faster adjustment and, for large enough values of
α, the system explodes (figures are available upon request).
Both in the imitationist and the isolationist cases, the dynamics show a very
strong dependence on initial conditions. This feature of the time series calls
for a systematic analysis of the parameter space, which we perform in the next
section through a simulation experiment.
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Fig. 7 Firm dynamics for different values of alpha. n = 5
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Table 1 Dependent variable: m1 (100) − m1 (0)
Variable

Coef.

Variable

Coef.

Con

−2.854

dist

−0.468

0.228

dist · dum

−0.29

−0.015

n

(0.35)

[m1 (0)]

2

(0.025)

[m1 (0)]3

(0.001)

(0.144)

(0.047)

0.034

(0.004)

0.0003

α

0.597

α · m1 (0)

−0.0007

β

−0.189

β2

0.0006

β·m1 (0)

−4.755

[m1 (0) · m2 (0)]3

−6.9E − 07

β·n

−0.68

nob s
R2

3000
0.951

[m1 (0)]4

(3.98E−05)

m2 (0)

(0.149)

[m2 (0)]3

(5.85E−05)

m1 (0) m2 (0)
[m1 (0) · m2 (0)]

2

(0.009)

(2.94E−05)
(4.62E−08)

52.2

(2.81)

−3.84
(0.268)

243.2

(7.659)

−399.6
(77.8)
(0.41)

(0.11)

Regression results for adjustment dynamics. Robust standard errors given. All variables stat. sig.
at 99% or greater confidence level

6.3 Combined dynamics: a simulation experiment
Here, we investigate via a simulation experiment the effects of initial firm size,
adjustment parameters and complexity, on long run firm size. We combine the
two types of dynamics, given by Eq. 13. To do this, we generate 3,000 random
combinations of mi (0) ∈ [2, 20], α, β ∈ [0.025, 0.075], n ∈ {5, 10, ...., 45} and
use the parameters to run the simulation, for 30 iterations. To isolate the
effect of the different variables on long run size (which ranges from 2.6 to 20.0
nodes), we use firm growth (m1 (100) − m1 (0)) as the dependent variable, and
regress it on the parameters.
The regression (Table 1) is non-linear and includes several interaction
terms.11 We also included a dummy variable, dum = 1 if m1 (0) > m2 (0) , and
a distance variable dist = m1 (0) − m2 (0). The regression coefficients allow us
to isolate the various effects: (a) Initial sizes interact in determining long run
growth: a larger opponent (m2 (0)) yields negative growth over the period,
unless m1 (0) is also large. In fact, own size has a positive effect (large firms
tend to grow larger), that is stronger than the effect of the opponent. There is
a general tendency to convergence (negative coefficient for dist), even more
marked when firm 1 starts larger (the interaction with dum is also negative).
(b) The parameters α and β have a positive direct effect, mitigated by the
interaction with initial size, and for β, with complexity. In the case of α the
interaction effect is strong enough to reverse the effect for large initial own

11 Appendix

B describes the method for selecting the functional form for the regression.
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size. (c) Increasing complexity has a positive direct effect on firm growth. The
interaction with β has negative effects, but it is more than compensated by the
direct effect of β.
To conclude, the joint action of the simple rules tends to yield reasonable dynamics, and mitigate some of the apparent contradictions that we highlighted
when analyzing the rules separately. Increasing complexity tends to increase
firm size, whereas a larger opponent size tends to decrease it. This is consistent
with the best response in size analyzed in Section 4.1.

7 Convergence to Nash size equilibrium
As we saw in the previous section, the long run size of the firm is determined
by several variables. This section investigates the conditions under which the
simple adaptive size dynamics converge to the Nash equilibrium. To do this we
generated a data set of 60,000 observations by taking random draws of the
relevant parameters mi (0) ∈ [2, 20], α, β ∈ [0.025, 0.075], n ∈ {5, 10, ...., 45}
and then let the two firms compete for 30 periods. We created a new variable
HitNash that for each run took the value of 1 if both firms came within ±0.5
nodes of the Nash equilibrium size, and 0 otherwise.
Using HitNash, as our dependent variable, we ran a probit regression,
which measures how the parameters affect the probability that the system will
reach the equilibrium. The results are given in Table 2, where we report the
results of the marginal changes in probability with a change in the independent
variable. For this exercise, the right hand side was generally non-linear in the
parameters. In addition we included the dummy variable dinit, equal to 1 if the
initial sizes are the same (m1 (0) = m2 (0)), and 0 otherwise.

Table 2 Probit regression. Dep. var. is 1 if long run firm size is equal to Nash equilibrium, 0
otherwise. Robust standard errors in parentheses. All coefficients are stat. sig. at 99% or greater
confidence level, except α and α · β, which are stat. sig. at 98.7% and 97.6%, respectively
Variable

df/dx

Variable

df/dx

n

0.00031

m2 (0)

−0.00012

n2

−.000014

β · m1 (0)

0.00071

n3

1.98E − 07

β · m2 (0)

0.00074

β

−0.088

dinit

0.00040

0.991

α

0.0019

β2
β3

(0.00005)

(2.4E−06)

(3.6.E−08)

(0.014)

(0.152)

(0.00002)

(0.00014)
(0.00015)
(0.0002)

(0.0009)

−2.79

α·β

−0.0137

m1 (0)

−0.00012

β ·n

−0.00065

Pseudo R2
obs. Prob.

0.369
0.0171

nobs.
pred.prob (at x̄)

60000
0.00028

(0.42)

(0.0002)

(0.006)

(0.0001)
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The probability of convergence to a Nash equilibrium is quite low—1.7%
for our sample. This shows that the simple adjustment rules are generally not
equivalent to a best response dynamics. Looking at the probit coefficients of
Table 2, we can draw a few conclusions: (a) Larger α is associated with a higher
probability of reaching Nash, despite the negative interaction with β; the effect
of β is negative in the relevant range. This is due to the fact that the α and β
respectively reflect the firm’s “outward” and “inward” orientation, and thus
may be seen as indicators of closeness to a best response dynamics. The larger
is α, the greater are the chances to mimic the best response dynamics, whereas
the contrary holds for β. (b) The larger the initial firm size, the lower the
probability of hitting the Nash equilibrium (despite positive interaction with
β). This is explained by the tendency of large firms to grow larger, which we
observed above. (c) The tendency of firm size to grow explains also why we find
a positive coefficient for the complexity coefficients. In fact, higher complexity
yields larger Nash size.

8 Empirical validation
This section uses the Standard and Poor’s Compustat data set to provide a
rough empirical assessment of our model. The database contains standardized
accounting data for thousands of publicly traded US firms. In this section our
measure of firm size is simply the number of employees in the firm, which is an
approximate proxy for the number of information processing agents.
We selected our sample of firms from the North American Annual Industrial database. We first downloaded annual data for all active firms (i.e., still
in existence as of December 2005) from 1990 to 2005 that had (1) at least one
million dollars in sales, (2) a positive value for property, plant and equipment,
(3) at least one employee, (4) positive research and development expenditures
and (5) data on operating income before depreciation (OIBD), which is our
measure of firm profits. OIBD is a measure of the net cash flows from business
operations. It is less volatile, in general, than net income, which may include,
for example, revenues and costs from a business’ non-core operations.

Table 3 Descriptive statistics for “duopoly” firms, 1990–2005, 810 observations
Variable

Mean

Std.

Min.

Max.

Salest ($Mil.)
OIBDt ($Mil.)
Prop., Plant & Equip.(PPEt ) ($Mil.)
Emp. Change ( Empst ) (000)
OIBDt
Salest
R&Dt /Salest−1
Dummy riv. bigger/more prof. (RBt )
Dummy riv. smaller/more prof. (RSt )

2,137
257.20
757.79
0.091
17.2
128.68
0.186
0.384
0.110

5,110.3
778.9
2,260.8
1.79
224.2
648.1
2.1

1
−981
0
−9.1
−3041
−5,189.4
0

62,726
15,467
22,840
12.9
3,326
6,242
50
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The sample contained industries with different competitive structures. In
order to obtain a data set relevant for the empirical validation of our model,
we restricted the sample to firms that were in “duopoly” industries in the
following (imperfect) sense: for each industrial category (defined using the
4-digit standard industrial classification [SIC] code) we dropped from the sample all the observation for which there were more (or less) than two businesses
in the industry in a particular year. Once we were left with “duopoly” observations, our sample allowed us to gather information about firms and about
their “rivals.”
We eliminated extreme outliers by removing firms for which the dependent
variable Empt (change in the number of employees from one year to the
next) was in either the bottom or top one percentile of firms. Table 3 gives the
descriptive statistics of the variables. The three equations to test are given by
our model (Eqs. 13, 14 and 15):




mi,t = β πi,t−1 − πi,t−2 + α Ii (m−i,t−1 − mi,t−1 )(π−i,t−1 − πi,t−1 )


mi,t = β πi,t−1 − πi,t−2


mi,t = α Ii (m−i,t−1 − mi,t−1 )(π−i,t−1 − πi,t−1 ) .
The basic econometric model is given by
yit = ai + b yit−1 + c xit + d zit + et + μit .

(16)

ai is a firm-specific constant. xit is a vector of observable control variables,
necessary to avoid omitted variable bias; z is the vector of variables that we are
interested in testing, which are given by Eqs. 13, 14 and 15; et are year dummy
variables and μit is the random error. The variable yit−1 is included to help
control for unobserved variables, whose omission may bias the coefficients we
are interested in measuring. A lagged dependent variable is particularly useful
when there is inertia from year to year (and this is true here with employment
growth, see Nickell 1996).
To eliminate the firm fixed-effect we take differences of the dependent
variable, but this introduces correlation between the lag dependent variable
and μit . In addition, some of our control variables may be endogenous due
their possible joint determination with the dependent variable. To account for
these effects, we employ a method-of-moments estimator (Arellano and Bond
1991), which uses lags of the right-hand side variables as instruments. Table 4
presents the results of our regressions, which only lists the coefficient estimates
for variables that test our simulation model.12

12 For all our equations we use as controls the natural log of firm sales, the change in firm sales,
the lag of the value of firms property, plant and equipment (i.e., the capital stock), and research
and development expenditures divided by the lagged sales (R&D intensity). R&D intensity is
our proxy for industrial complexity: presumably firms that have high R&D expenditures are in
industries marked by rapid technological change and strong technology-based competition. We
also include dummy variables for the year and for the month that each firm ends its fiscal year.
Regressions were performed in Stata 9.0; full regression results are available upon request.
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Table 4 Dependent variable: Empt . Absolute value of robust z-statistics in parentheses,
∗ significant at greater than 95%; ∗∗ stat. sig. at greater than 99%. The P-value for the Sargan test
for over-identifying restrictions is equal to 1.00 for all three equations
(1)
OIBDt−1

0.004

(2.53)∗

1.17

264
5,161

1.22

(1.48)

(1.53)

(2.32)∗

(2.09)∗

−1.90

RSt−1

(3)
0.004

(2.95)∗∗

RBt−1

Obs.
Wald χ 2

(2)

264
371

−1.60
264
6,672

To test the isolationist equation, we regress the change in firm employment
on the lag of the change in firm’s profits ( OIBDt−1 ) plus the control variables.
We can see from column (1) that profit growth is a significant determinant
of employment growth, as predicted by our model. To test the imitationist
hypothesis we created two dummy variables. The first, “Rival is Bigger and
More Profitable” (RBt−1 ), takes on a value of 1 if the rival earns more and
has more employees, 0 otherwise. The second, “Rival is Smaller and More
Profitable” (RSt−1 ), takes on a value of 1 if the more profitable rival is smaller,
0 otherwise. Both variables are lagged one period. The results are presented
in column (2). The dummy variables have the correct signs, in terms of the
model’s predictions, though just RSt−1 is statistically significant. This provides
some support for the imitationist hypothesis: a smaller and more profitable
rival will have a negative effect on growth. This result is not surprising. The
choice of downsizing usually encounters less obstacles than increasing size
(which may be prevented for example by capital or financial constraints).
Column (3) reports the test of the combined dynamics (Eq. 13), which
confirms the results of the particular cases: both own profit and the dummies
have the expected signs and are two of three coefficients are statistically
significant. To conclude, our admittedly rough empirical exercise gives broad
support to the rule-of-thumb dynamics that we proposed above.

9 Discussion and conclusion
This paper explored the long run size dynamics of firms-as-neural-networks
playing a Cournot game in an uncertain environment. We derived a profit
function for the firm that depends on its own size, its rival’s size and environmental complexity. We then investigated long-run firm size dynamics resulting
from “isolationist” and “imitationist” adaptive rules, which we compared to
a benchmark “best response” case. First we found that when using simple
adjustment rules, long run firm size is a function of initial firm size, initial
rival’s size, environmental complexity and the adjustment rate parameters.
These variables interact in a non-linear way. We also found that under only
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very precise initial conditions and parameter values do the firms converge to
the Nash equilibrium size given by the best response. The reason is that the
dynamics we consider tend to settle rapidly (no more than a few iterations) on
a path that depends on initial conditions. Thus, our results suggest cautiousness
in taking the Nash equilibrium as a focal point of simple dynamics (the
standard “as if” argument).
Interestingly, we further find that when firms use simple adjustment rules,
environmental complexity has a negative effect on size, even if the Nash equilibrium size is increasing in environmental complexity. This is particularly true
in the isolationist case, and is explained by the negative correlation between
profits and complexity: complex environments yield lower profits, and hence
less incentives for firm growth. This paradoxical result disappears, though,
when firms use the combined dynamics. Lastly we provide some empirical
support of model using data from the Compustat database; the results are
surprisingly supportive of our working hypotheses, given the roughness of the
empirical exercise.
Our general conclusion is that in our model more efficient information
processing and more complex adjustment rules would play a positive role in the
long run profitability of the firm, and would deserve investment of resources. A
possible extension of this paper would be to explicitly model costs and benefits
of adjustment rules of varying efficiencies.

Appendix
Appendix A: Neural networks
This appendix briefly describes the working of the backward propagation
network (BPN). For a more detailed treatment, the reader is referred to
Skapura (1996). The BPN consists in a vector of x ∈ Rn inputs, and a collection
of (m + o) processing nodes organized in layers. For our purposes we focus
on a network with a single hidden layer. Inputs and nodes are connected
by weights, wh ∈ Rn×m , which store the knowledge of the network (n is the
number of elements in x, and m is the number of agents in the network). The
nodes are also connected, through the weight vector wo ∈ Rm×o , to
 an output

vector ŷ∈Ro , where o is the number of outputs (2 in our case: ŷ ≡ γ̂ i , q̂i−i ).
The feed forward phase is given by

h
o
w ,
ŷ = g g x · w
1×o

1×n

n×m

m×o



where g(·) is the sigmoid function (g (a) = 1/ 1 + e−a ) that is applied both to
the input to the hidden layer and to the output.
vector associated with the outputs of the network is ε =

 The error
correspond(yi − ŷi )2 , i = 1, ..., o. where yi is the true value of the function,
o
ing to the input vector x (see Eq. 2). Total error is ξ = i=1
εi . The learning
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algorithm aims at minimizing the total error, ξ . The gradient of ξ with respect
to the output-layer and the hidden layer weights respectively is


 

∂ξ
= −2 y − ŷ ŷ(1 − ŷ) g x · wh
o
∂w


 

∂ξ
= −2 y − ŷ ŷ(1 − ŷ) g x · wh wo g (x · wh )x,
h
∂w
since for the sigmoid function, ∂ ŷ/∂wo = ŷ(1− ŷ). The weights are then adjusted a small amount in the opposite (negative) direction of the
Weuse
 gradient.

a constant η to smooth the updating process. Define δo = y− ŷ ŷ(1− ŷ) /2.
We then have the weight adjustment for the output layer as


wo (t + 1) = wo (t) + ηδ o g x · wh .
Similarly, for the hidden layer, wh (t + 1) = wh (t) + ηδ h x, where δ h =
g (x · wh )δ o wo . When the updating of weights is finished, the firm views the
next input pattern and repeats the weight-update process.

Appendix B: Regression results for profit
Equation 11 is derived starting from the ANN model described in Appendix
A. We built a data set by making random draws of n ∈ [5, 45], mi ∈ [2, 20]
and running the Cournot competition process for T = 250 periods (we took
care of random initial conditions by averaging over 25 runs). We recorded
average profit for the two firms computed as in Eq. 3, and the values of
m1 , m2 , and n. This was repeated 10,000 times. We then ran a regression
to obtain a precise polynomial form for profit. When dealing with a data
set of randomly generated data, estimating the conditional expected value
polynomial introduces a trade-off: too high a polynomial order runs the risk
of “over-fitting” the data, while too low an order risks “under-fitting” the data.
Table 5 Dep. var 10, 000 · π1 . Profit function for firm 1. Robust standard errors in parentheses. All
coefficients stat. sig. at 99% or greater confidence level. Profit is multiplied by 10,000 to improve
readability
Variable
const
m1
m21
m31
m2
nob s.
R2

Coefficient

Variable

Coefficient

270.6

m1 · m2

−0.304

5.93

n

−2.201

−0.375

n2

0.003

0.007

m1 · m2 · n

0.007

0.49

m2 · n

−0.016

10, 000
0.864

AIC

7.183

(0.898)
(0.229)

(0.023)

(0.001)
(0.056)

(0.004)
(0.034)

(0.001)
(0.00)

(0.002)
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In order to attempt to best fit the data two measures were used: the adjusted
R2 and the Akaike information criterion (AIC). Our goal was to minimize
the AIC, without lowering the adjusted R2 (Pindyck and Rubinfeld 1998).
In addition, we only retained variables that had a greater than 99% level
of confidence. Table 5 gives the complete results of the regression, which is
reflected in Eq. 10.
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